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WAVE PROCESSES IN SOLIDS WITH DEFECTS

N. V. Chertova UDC 539

The propagation of plane harmonic waves in viscoelastic and elastoviscoplastic materials are studied

using the equations of the field theory of defects, the kinematic identities for an elastic continuum

with defects, and the dynamic equations of gauge theory. Wave propagation velocities and refraction

and absorption coefficients are determined. The structure of the waves and the correlation between

the displacement waves and the defect-field waves determining plastic deformation are analyzed.
Key words: defect field theory, elastoviscoplastic materials, wave structure.

Introduction. The inelastic behavior of deformable solids has long been an important problem in mechanics
and physics. This is because the region of elastic deformations is bounded and many processes that are important
for the operation and production of new materials and products occur beyond this region. Among the practically
significant phenomena observed outside the region of elastic deformation are plasticity, fracture, creep, hardening,
etc. In the present paper, the dynamic features of inelastic deformation due to translation defects are considered
using the continual description traditional for continuum mechanics. As is known, the dynamics of translation
defects determines dislocation plasticity, which is one of the mechanisms of inelastic behavior of materials, along
with mechanical twinning, martensite inelasticity, and disclination plasticity [1]. The wave solutions of the equations
of the field theory of defects are used. The equations of the field theory of defects include the kinematic identities
of the continual theories of defects [2] and the dynamic equations of the gauge theory [3]. In the present paper, we
consider viscoelastic, elastoviscoplastic, and viscoplastic materials, compare the corresponding wave solutions, and
analyze the structure of the waves considered. Arbitrary dynamic solutions of linear systems can be represented in
the form of a superposition of waves.

1. Mathematical Model. The equations of the field theory of defects
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obtained using the gauge approach [3] are the basic equations in the analysis of the dynamics of defect fields in
various materials. Here oy; and I;; are the dislocation density tensor and the dislocation flux density tensor, oy;
and P; are the effective stress and momentum, and B and S are constants of the theory. In the continual theory
of defects [2, 4], the characteristics of the dislocation ensemble I;; and «;; are defined by the plastic distorsion
gradients 3;;:
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The physical meaning of these quantities is clear from the following expressions:
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Here b is the total Burgers vector of all dislocations crossing an oriented unit area s bounded by a contour with the
unit tangential vector I. The quantities o;; and P; satisfy the dynamic equilibrium equation
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which is the condition of compatibility of system (1). Equations (1) and (2) were used to study the propagation
of plane waves of defect fields in homogeneous viscoplastic materials [5, 6] (and in the presence of interfaces [7, 8])
given by the relation

oij = Oijkilr

(0ijx1 is the viscosity-coefficient tensor). Dispersion relations are obtained for viscoelastic materials [9] described by
the equation

oij = af} + 05 (3)

Here crf} and o} are the elastic and viscous stresses expressed in terms of the components of the displacement vector
Ui, the elastic modulus tensor Cjx;, and the viscosity coefficient tensor 7;x; [4]:

oU;

Ufg]‘ = Cijki o Uy, crfj = Nijki Vi, V, = (’%Z' (4)
The momentum of the viscoelastic material is defined in the standard manner:
o=y (5)

(p is the density of the material). We perform a similar investigation for elastoviscoplastic materials [10] described
by the equation

045 = Ulojl + O'fj, (6)

where

Ufjl' = Cijr Ok U1, Ufj = Oijridrl, P, = p(0U;/0t).
In the case of a homogeneous isotropic solid, the tensors of the elastic moduli and viscosity coefficients (4) and (6)

are written as
Cijit = Nijop + p(indj + dardjn),

(7)
Nijkl = §0i0k1 + Y(Oindj1 + 0itdjx);

ikt = 050k + C(Oindj1 + iudjn), (8)

where A and p are the Lamé coefficients, ¢ and « are the bulk and shear viscosities of the elastic solid, = and
¢ are the bulk and shear viscosities of the plastically deformed solid, and d;; are the Kronecker symbols. The
definitions of various materials used in this work are discussed in detail in [10, 11]. Materials that exhibit viscosity
properties in the elastic region are referred to as viscoelastic materials. Materials that exhibit viscosity properties
only in the plastic deformation region are referred to as elastoviscoplastic materials. Such materials are elastic until
the attainment of the plastic state. Elastoviscoplastic materials exhibiting viscous properties in the elastic and
plastic regions have the most general properties [10, 11]. The energy dissipation mechanisms in elastic and plastic
deformations are different [12]. As a result, the viscosity for elastic and plastic deformation differ by 5-7 orders of
magnitude. The plastic flow viscosity, which reaches values of 1013-10'® Pa - sec, is much higher than the viscosity
calculated from the elastic vibration law and is equal to 107-10% Pa - sec.
2. Dispersion Relations. We write solutions of system (1) in the form

{aij (Tv t)v Iij (Tv t)v Ui (Tv t)} = [aij ($), Iij (JJ), Ui (JJ)] exp (_iwt)v

assuming that the unknown quantities depend on one coordinate x. For the complex components «;;(x), I;;(x),
and U;(z), Egs. (1) are written as

B0,Ij(x) = iwpUj(x); (9)
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iwagj(zr) =0, iway;(x) = 0,1,;(x), iwa;(x) = =01y (2); (10)
Op0izj(2) = 0; (11)

iwBIj(x) — o45(z) =0, iwBIy;(x) — oy;(x) = =S5 0pazi(z),

(12)
twBI.;(x) — 0.5(x) = S 0zoy;(x).

In the case of elastoviscoplastic solids, we assume for simplicity that the viscosity tensor (8) is a constant 6.
Under this assumption, the stress tensor components (6) become

A4 21) 0, Uy (z) + 0155 (), w0 Uy () + 014y (), 1O U, () + 01, (x),
w0z Uy(x) + 01y, (), A0, Uy () + 01y (), 0I,.(x), (13)
oy U(x) + 01, (x), 01, (z), A0, Uy(2) + 01, (x).

Using the first relation in (12), the expressions for the stress tensor components (13), and equality (9), we obtain
the following equations for the dynamics of the displacement vector components U;(x):

02U, () + (w/C1)?(1 + 146/ (Bw))U,(x) = 0,
92Uy (x) + (w/C2)?/(1 46/ (Bw))Uy (x) = 0, (14)

O2U.(z) + (w/C2)? /(1 +i0/(Bw))U.(z) = 0,

where C7 = \/ (A+2u)/p and Cy = \/ w/p are the longitudinal and transverse velocities of elastic waves. The
solutions of (14) are known:
U, (z) = a1 exp (ik1z) + by exp (—ik1x),

Uy(z) = ag exp (ikaz) + ba exp (—ikax),

U.(x) = asexp (ikaox) + b3 exp (—ikax).
Here
k= (w/C)*(L+i0/(Bw)), k3 = (w/C2)*(1 +if/(Bw)), (15)

and a1, asz, as, by, by, and by are unknown constants determined from the boundary conditions. Below, for brevity,
we use expressions of the form a; (1) exp (£ik1x) to denote the sum a; exp (ik12)+ b1 exp (—ikix). Expressions (15)
can be written as

ki =w(n+ix)/C, ky = w(n +ix)/Ca, (16)

if we introduce the refraction and absorption coefficients n and x [13], which are related to the quantity tan 6 =
0/(Bw), called the loss factor:

n=[((tan26 +1)"/2 +1)/2)/2, x = [((tan? 6 + 1)1/2 — 1) /2]*/2.

The refraction coefficient n determines the wavephase velocity, and the absorption coefficient x characterizes the
rate of decrease in the wave amplitude in the wave propagation direction.

Knowing U;(x), from the first equality in (12), it is possible to find the components of the dislocation flux
density tensor I,;(z):

Loo(2) = (pw/(Bk1))[a1(—b1) exp (£ikiz)],
Ioy(x) = (pw/(Bk2))laz(—b2) exp (+ikox)], (17)

I, (x) = (pw/(Bkz))[as(—bs) exp (£ikox)].
We obtain equations for I,;(x) and I.;(x) using the second and third equalities in (10) and (12):
~w?Bly(x) — iwoy;(z) = S 0;1;(),

—wQBIZj(x) — iwazj(ﬂi) = Saglzj ().



Taking into account (13), we write the first equality in (18) as follows:

L0 () + KL, () = —(i0p1/S) 0., (x),
Ly (@) + 31, (@) = —(iwA/S) ,Us(2), (19)

021, (z) + k31,.(z) = 0.
Here
k2 = (w/C3)2(1 4 i6/(Bw)), ks = w(n+ix)/Cs, Cs =+/S/B. (20)

From the second equality in (18), it follows that the equations for I.. and I, coincide with the equations for I,
and I, in (19), and the component I., can be determined from the equation for I,, by replacing U, by U.. The
solutions of the equations for I, and I., are written as

I,.(x) = g3(ds) exp (£iksx), Ly (x) = g5(ds) exp (F£iksx), (21)

where g3, g5, d3, and ds are constants. The expressions for the remaining components of the dislocation flux density
contain two terms, one of which is a solution of the homogeneous equation (19) and the other is determined by the
form of the function on the right side of the equation

Lo () = q1(d1) exp (iksz) + [wprka/ (S — k3))]az(~ba) exp (£ikor),
L,y (2) = ga(da) exp (£iksa) + [whk1 /(SO — K))ar (~b) exp (ikya),
Lo () = qu(ds) exp (£iksz) + [wpka /(S — k3))]as(—bs) exp (£ikow),

I..(x) = qo(ds) exp (Fiksx) + [wAk1 /(S(k3 — k3))]ai(—by) exp (+ikix)

(@1, 92, q4, g6, d1, da, d4, and dg are unknown constants). As regards the dislocation density tensor compo-
nents agj(x), the first equalities in (10) and (11) imply that

agi(z) =0.

The components a,;(x) and a.;(x) given in Table 1 can be obtained from the second and third equalities in (10).
In the case of a homogeneous isotropic viscoelastic solid defined by formulas (3) and (4) with (7) taken into
account, the tensor stress components are written as follows:

[(A+2u) + (£ +27)0¢] 0,Uy (), (1 + v 0r) arUy(x)a (1 + v 0t) 0:Us (),
(4 v 0) 0, Uy (), (A +£0¢) 0,U, (), 0, (23)
(b + v 0) 0:U (), 0, (A +£0y) 0, Uz ().

The components of the displacement vector U;(x) and the components of the dislocation flux density tensor I;(x)
obtained on the basis of the first relation in (12), (9), and (23) become

Up(z) = Ay(By) exp (£iK,z),
U,(z) = Ag(By) exp (+iKyz),
U.(x) = As(Bs) exp (£iKyz),

Loa = (pw/(BE1) A1 (~By) exp (£iK ),

oy = (pw/(BK32))Az2(—Bs) exp (+iKyx),

I.. = (pw/(BK32))As(—Bs) exp (£iKsx).
Here

K} = (w/C1)?/(1 —iw(€ +27) /(A +2u)), K3 = (w/C2)*/(1 — iwy/p), (24)
1050



TABLE 1

Elastoviscoplastic material Viscoelastic material
a;(z) [avij(z) = lexp (Fikzz) + f(z)] [aij(x) = Lexp (+iK3zz) + F(x)]
l f(z) L F(z)
e (2) qa(—ds) paz(bs) exp (fikax) Qa(=Da1)  w?pA3(Bs)exp (+iKaz)
ve Va S(C2/C3 —1) Cs S(K2 - K2)
—d -D
ayy (@) CI5(V3 5) - Qs(c3 5) -
ays () q6(—do) a1 (br) exp (Fikix) Qs(—Ds) w?pA1(By) exp (iK1 1)
vz Va S(C2/C? —1) Cs SK2(K2/K2?—1)
ase (@) (—q)dr  paz(b)exp (£ikex)  (=Q1)D1  w?pAa(Bz)exp (£iKax)
= Va S(C2/C3 —1) Cs S(K2 — K3)
oy () (=g2)d2  Aai(br)exp(fikiz)  (=Q2)D2  w?pAi(Bi)exp (+iKiz)
i Va S(C2/C2 —1) Cs SK2(K2/K2 —1)
—ga)d —04)D-

C7 and C5 are the longitudinal and transverse velocities of elastic waves and Ay, A, Az, Bi, By, and B3 are
unknown constants determined from the boundary conditions. Introducing the refraction coefficients n; and ny and
the absorption coefficients x;1 and xao, related to the quantities tan 1 = w(€ + 27v)/(A + 2u) and tan 2 = wvy/p,
which are called loss factors, we can write expressions (24) as

Ky :w(nl —l—in)/Cl, Ky :w(ng-l-i)(g)/Cg. (25)
The refraction and absorption coefficients are expressed in terms of the loss factors:
(tan? 6y + 1)1/2 +1\1/2 (tan? 6, + 1)1/2 —1\1/2
ny = ( 2 ) ) 1= ( 2 ) . (26)
2(tan®d1 + 1) 2(tan®d; + 1)

The relations for ns and x2 are similar. In the case of a viscoelastic solid, the first equation in (18) can be written
as

0z 1ya () + K3lyo(2) = —(iw/S)(p — iwy) Uy (2) = —(iw’p/ (SK3)) 0:Uy (),
O3y (@) + Kilyy(2) = —(iw/S) (A — iw€) 8:Us(2) = —(iw’p/(SKY)) uUa(z), (27)

8§IyZ(33) + K?%IyZ(m) =0.

From the second equality in (18), we obtain equations for the components I, and I, which coincide with Egs. (27)
for I, and I, and the component I, can be found from the equation for I, by replacing U, by U,. In Egs. (27),
the following notation is used:

Ki=(w/Cs)*, C3=/S/B, Ki=(w/C1)?/(L—iwt/N), Ci=\/Ap.

In the case of a viscoelastic solid, solutions (27) for the components of the dislocation flux density tensor are similar
to (21) and (22) since

L (7) = Q1(D1) exp (£iK3z) + [wip/(SKa(K3 — K3))|A2(—Bz) exp (+iKow),
Ly () = Q2(D2) exp (+ik3x) + [w’pK1 /(SKF(K3 — K7))]Ai(—=B1) exp (+iK i),
1y=(2) = Q3(Ds) exp (+iK3x), (28)

L.(z) = Qu(Dy) exp (+iK3z) + [wPp/(SKo(KZ — K3))]A3(—Bs) exp (+iKax),
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Ly (z) = Q5(Ds) exp (£iK3x),

I.(z) = Qo(Dg) exp (+iK3x) + [wipK:1 /(SK2 (K3 — K?))]Ay(—By) exp (+i K, ).

Here Q1, Q2, Q4, Q¢, D1, D2, D4, and Dg are unknown constants. The dislocation density tensor components
given in Table 1 can be determined on the basis of (10), (11), and (28).

3. Wave Structure. We study the structure of the waves propagating in various materials with defects.
From the first equality in (10) and (11), it follows that the projection of the dislocation flux density tensor onto
the wave propagation direction is identically equal to zero. The dislocation density wave is transverse, and the
oscillations of the nonzero components a;; occur in its plane. The projections of the defect density waves onto the
wave propagation direction in elastoviscoplastic (13) and viscoelastic (23) materials are determined by the dynamics
of the gradients of the displacement vector components:

Iz (z) = —i(pw/(Bk%)) 0, Uz (), Ipy(z) = —i(pw/(Bk%)) 0, Uy(z),

etc. Here k,, is the wave vector of the corresponding displacement component (15), which in the case of viscoelastic
materials should be replaced by K, (24). The components I, and I, do not depend on displacement waves since

I, ~ exp [—iwt(t £ x/V3)], I, ~ exp [—iwt(t £ z/V3)], (29)

where V3 = Cj for viscoelastic materials and V3 = C3/+/1 + i0/(Bw) for elastoviscoplastic materials. The waves of
the remaining components of the dislocation flux density tensor contain the contribution due to the fluctuations of
the displacement vector. The diagonal components I, and I.. depend and the natural oscillations of the dislocation
ensemble and on the longitudinal displacement gradient:

Iy ~ exp [—iwt(t £ x/V3)] 4+ 0,Us, I, ~ exp [—iwt(t £ x/V3)] + 0, U,. (30)
The transverse displacement gradients influence the propagation of the components I, and I.,:

I, ~ exp [—iwt(t £ x/V3)] + 0,Uy, I, ~ exp[—iwt(t + 2/V3)] + 0, U.. (31)
Using (29)—(31), from (10) and (11) we can express the transverse components of the dislocation density tensor as

gy ~ exp [—iwt(t = 2/VE)| Vs,  —as ~ exp [—iwt(t + 2 /Vi)]/Va,
ye ~ oxp [iwt(t £ 2/ V)] Vs + 02U, /(iw),
ua ~ — exp [—iwt(t £ 2/V3)] Vs — 02U,/ (iw),
g~ exp [—iwt(t £ 2/ Va)] [V + 02U,/ (iw),

—zy ~ exp [—iwt(t + x/V3)]/ Vs + 02U,/ (iw).

Conclusions. From the obtained solutions of the equations of the field theory of defects, it follows that
the plane harmonic waves propagating in materials with defects are of different nature: elastic-displacement waves,
defect-density waves, and defect flux density waves. The defect density waves determine the dynamics of long-range
internal stress, and the defect flux density waves plastic distortion [14]. Wave propagation in different materials
has a number of characteristic features. In the examined model of elastoviscoplastic materials, all waves (of the
elastic continuum and defect continuum) are characterized by the same refraction and absorption coefficient but
differ in the oscillation propagation velocity (16), (20). In viscoelastic materials, all wave propagation velocities are
also different. The elastic wave velocities (26) which have complex values are determined by sound velocities and
refraction and absorption coefficients dependent on the diagonal or shear components of the viscosity coefficient
tensor (25). The propagation velocity of dislocation ensemble oscillations in viscoelastic materials is real and is
expressed in terms of the defect field constants (28).

For both materials considered, it is shown that the defect density waves are transverse. This implies that the
defect density tensor components whose first index corresponds to the wave propagation direction are equal to zero.
This property, established on the basis of equalities (10) and (11) the kinematic identities of the continual theories
of defects, is valid for any materials with defects considered within the framework of the continual approach. From
a viewpoint of material microstructure, the transverse character of the defect density waves implies that, for all
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dislocations crossing an infinitesimal area perpendicular to the wave propagation direction, the total Burgers vector
is equal to zero. As regards defect flux density waves, the character of their propagation depends on the properties
of the material specified by material relations. In viscoelastic and elastoviscoplastic materials, the waves of the
longitudinal components of the dislocation flux density tensor and the displacement waves are interrelated, unlike
in viscoplastic materials [5-8], where the defect flux density waves are transverse. As in the case of viscoplastic
materials [5-7], whose waves are characterized by the unique wave vector (20), for weakly damped waves propagating
in elastoviscoplastic materials at tan 6 < 1, when

n =1 = const, x = (1/2)tan § = 0/(2Bw),

dispersion is absent and the dissipation is frequency dependent. For weakly damped waves in viscoelastic materials
at tan 61 < 1 and tan d3 < 1, when

m=1,  x1=(1/2)tan 6 = w(€ +27)/(2(A + 2p)),

ng = ]-7 X2 = (1/2) tan 52 = wA//(2:u’)7
dispersion is also absent, and the dissipation is frequency is dependent. For strongly damped waves in elastovis-

coplastic materials at tan 6 > 1 and in viscoelastic materials at tan 6; > 1 and tan 2 > 1, frequency-dependent
dispersion and dissipation take place because in these materials

n~yx=+/(1/2)tan § = \/0/(2Bw),
ny A~ x1 = 1/v/2tan 6, = /(A + 2p) /2w(E + 27),

ng & x2 = 1/3/2tan 6 = /i) (2w).
In the case of strongly damped wave, the process does not occur since the waves are damped at very small distances
compared to the wavelength A:

d=C/(wx) = A/(2mX).
The results allow one to analyze the dynamics of waves in elastoviscoplastic materials having viscous properties in
elastic and plastic deformations and can be used in indestructible control methods, seismic engineering, etc., where
it is necessary to take into account the dynamic effects of inelastic deformation determined by the defect structure
of the material.
This work was supported by the Russian Foundation for Basic Research (Grant No. 05-01-00303).
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